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Using the Sommerfe ld  method we find the G r e e n ' s  function of a mixed boundary-va lue  p ro -  
b lem for the Laplace equation in a ha l f - space  with c i r c u l a r  boundary conditions.  A wide 
c lass  of s ta t ionary  p rob l ems  in heat conduction, e l ec t ro s t a t i c s ,  and e las t ic i ty  theory  reduce  
to the solution of this p rob lem.  

The method of cons t ruc t ing  a Green ' s  function of a mixed problem for the Laplace equation in a half-  
space was f i r s t  given by Sommerfe ld  [1] for c a s e s  in which the boundary line of the boundary conditions is 
a s t ra ight  line or  two para l l e l  l ines.  In this case  Sommerfe ld  introduced a mult isheeted Reimann space ,  
whose branching  line coincides with the boundary line of the boundary conditions.  This  approach is r e -  
peatedly used below in p rob l ems  with a c i r cu l a r  boundary line in connection wi thvar ious  appl icat ions [2-7]. 
We invest igate  such a boundary-va lue  problem:  

A~p(x, y, z ) = O ,  z > O ,  

no (x, y, z) t,=o = } (x, y), x ~ + y~ < a ~, 
(1) 

Oq~ (x, y, z) ~=o y2 
Oz = g (x' y)'  x ~ + > a 2. 

We consider  a two-shee ted  Re imann  space with a c i r cu l a r  branching  line. I ts  G r e e n ' s  function for a 
Laplace equation has the fo rm [2, 5, 7] 

o (x, y, z, Xo, Yo, zo)= o (p, 0, % Po, 0o, %) 

,( ~176176 1 
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where  we have introduced the toroidal  coordinates :  

~ i , x" T I t  2 - )  (Z - -  in)~ ~ a s h  p 
I o = - - m  , I x =  cos~) 

2 x ~ + y~ + (z - -  ia) ~ ] ch p --cos 0 

1 , -~7  = -  TJ~ , a~"- ' z 2 a s h  9 
' o in (! - -= ~' -7 , T ., y-= sinw, 

1 - - - - 2 -  ~ : - f f ' ' ~ - - - ~ T '  ' i chp-c~ 

= arctg 9__, z = , 
' t x ~ ch 9 --cos 0 

ch ~z = ch p ch Po - -  sh p sh Po cos (qo - -  %), 

r = g ( x  - -  Xo) ~ + ( y  - Y o ? +  (z - Zo) ~, 
w(p, 0, ~o, Po, 00, ~~ is a harmonic  function, s ingle-valued in a two=sheeted t l e imann space ,  dec rea s ing  
as l / r ,  when the point (O, 0, r becomes  infinite. As the points (p, 0, ~o) and (Po, 00, q~o) approach each 
other ,  w goes to infinity as 1 / r .  In the ord inary  space x, y,  z this function co r r e sponds  to a two-valued 
function, the values  of which coincide with w on the two sheets  of the Reimarm space.  

We take the two functions a~ = w(p, 0, ~o, Po, 00, q~o) and ~o 2 = w(p, 0, ~o, P0, 00 + 2~, ~00), s ingular i t ies  
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of  which  a r e  found on the d i f f e r e n t  s h e e t s  of  the  R e i m a n n  s p a c e ,  but  a r e  " p r o j e c t e d "  onto a s ing le  poin t  of  

o r d i n a r y  s p a c e .  T h e i r  d i f f e r e n c e  

0 - - 0  0 
C O S  - -  

2 2 
u = ~o I- (03= -- arcsin (3) 

~r ch --~ 
2 

is [2, 5-7] a Green's function of the boundary-value problem (i) in the case f(x, y) = 0, g(x, y) x 0. Actu- 

ally, we can show that 

limOS ~o=O = a (x - -  %) 6 (Y-- go), x2 + V 2 < aS, 
z ~ O  OZ 

lim u lZo=O = O, x s + y2 > a s, 
z ~ O  

and the so lu t i on  of  the  p r o b l e m  i s  g iven by  the i n t e g r a l  

r (x, y, z ) =  y u (x ,  !t, z, x o, Vo, O)g(xo,  Yo)dxodYo, (4) 
S 

w h e r e  S i s  the c i r c l e  x 2 + y2 _< a 2. 

We t u r n  to the  c a s e  f(x, y) ~ 0, g(x, y)  = 0. The  G r e e n ' s  funct ion of  t h i s  p r o b l e m  i s  g iven by  the e q u a -  

t ion  

O u (x, V, z, Xo,Vo, Zo)I~o=O �9 (5) v (x, V, z, Xo, Vo)=  Oz---~o 

I t  i s  c o n s t r u c t e d  in [2] u s i n g  t h i s  m e t h o d ,  w h e r e ,  h o w e v e r ,  an i n a c c u r a c y  i s  t o l e r a t e d ,  s i n c e  i n s t e a d  of  u, 
w e : d i f f e r e n t i a t e  the  fo l lowing  d i f f e r e n c e  wi th  r e s p e c t  to z 0 :  

co(p, 0, % P0, 00, %)--~~ 0, % Pc, - - %  %). 

Subsequen t ly  we ob ta in  the g e n e r a l  so lu t i on  in the  f o r m  of  an i n t e g r o d i f f e r e n t i a l  o p e r a t o r  [6, 10, 111. 

We c a l c u l a t e  the  G r e e n ' s  funct ion v: 

U = �9 = - -  arcsin 
Oz o .~ 

V R  - -  (x 2 + Y~ + z s - -  a2) �9 I a 2 _ _  Xo2 _ .  Yo2 

S _ _ 2  2 2 _  2.AL 2 I 2 2 2 3 2 - ~ _  V'R(a  x o Vo), (x , y T a ) ( X o + Y o + a )  4 a ( x % , y y o )  

V g a z  } , 

d V (a  s - -  x 02 _ yo 2) [R  - -  (x  s + v s + z ~ - -  aD] 

(6) 

w h e r e  

r~ = (x - Xo) 2 + (v - @ 2  + z~, R = l / (x 2 + Y  3 + z2--a2) s + 4aSzS. 

We can  v e r i f y  tha t  

lim v = 6 (x - -  x0) 6 (y - -  go), x 2 + ys < aS, 
Z ~ 0  

lira av ~o  ~ =0 ,  x ~ l - V " > a " ,  

and the g e n e r a l  s o l u t i o n  of  the  p r o b l e m  has  the  f o r m  

~ (x, y, z ) =  .f v (x, g, z, x o, go)[(xo, go)dxodYo. 
S 

In a p p l i c a t i o n s  we f r e q u e n t l y  m u s t  d e t e r m i n e  ag /Oz  on the s u r f a c e  z = 0, 
t a i n  the  k e r n e l  K of  the  o p e r a t o r  c o n n e c t i o n  ~p/Sz wi th  f ix,  y) fo r  s m a l l  z :  

Ov 
K (x, V, z, x o, Vo) 

Oz 2{(1 
:t r~ 

+ 

D i f f e r e n t i a t i n g  v,  we o b -  

3z ~ ) F (d" - -  x s - -  YD (a s ~ 2 - -  x~ - -  Yo) 
r~ 5 arcsin ]/_ia s _ (x% + yyo)l 2 + (xy o - -  y%)2 

d V ( a s -  k s _  x o -  yo) + o z , xs T 

(7) 

(8) 

665 



For z -* 0 the kernel K has a singularity 1/r~, and the differentiated integral (7) diverges. We construct 
it by regularization in the usual way [8] 

[. K (x, y, z, x o, go) f (Xo, go)dxodyo 
"s 

= .[ K (x, g, z, xo, Vo)[f(xo, go)-  [(x, g)] dxodgo 
8 

+ [ (x, g)S K(x, g, Z, x o, go)dxodgo. (9) 
S 

The last integral on the right side of (9) is the well known [6, 9] solution of the problem for f(x, y) = 1. 
Now, converting to the limit for z ~ 0, we obtain the unknown operator for a~o/~z on the surface of the half- 
space: 

z=o ~ f 
0..~_~ [ (x, y)lira K (x, g, z, x 0, go)dxodVo 
OZ z~O 

S 

+ ~ K (x, v, 0, xo, v0)It (xo, v o ) - :  (x, v)l dXo~Yo 
S 

+ 2 ~ [  J-~- arcsin 

S 

[(x, y) 
= 

a~ I/a ~-- x" - -#  

l (a" - x~ - : )  (a'  - x ~ -  ~) 
I [a s -  (xxo + Y Y 0 ) l ~ +  (xYo - -  Yxo)" 

a ] [/(xo, go)--[(x, g)ldxodgo, (10) 
r~0 J / i n  s - :  - :-) (a s - x o - v0 ~) 

where r20 = (x--x0) 2 + (y--y0)2, 

For botmdedness of the integral  (10) inside the circle S it is sufficient that the second partial deriva- 
tives of f(x, y) be bounded. 

~ ,  U ,  V 

K 

N O T A T I O N  

are the Green's functions; 
is the Dirac delta function; 
is the kernel of the integral operator. 
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